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A branch of a strong digraph is a path whose endpoint have degree at least three and whose 
internal vertices have degree two. We obtain results concerning branches whose removal yields 
a strong digraph. Among other things we obtain upper and lower bounds on the number of such 
branches and characterize the cases of equality. 
1. Introduction 
In this paper we generalize some theorems on minimally strong digraphs to 
strong digraphs. In the process we obtain new results for minimally strong 
digraphs, and these have applications to the theory of nearly reducible matrices 
[2]. In particular, some of these results are applied in [6] to derive a bound on the 
exponent of a primitive, nearly reducible matrix. 
We begin with some definitions. For the most part our terminology is that of 
Berge [l]. Let D = (X, U) be the strongly connected (strong) digraph whose 
vertex set is X and whose family of arcs is U (multiple arcs are allowed). Let 
n(D) be the number of vertices of D, m(D) the number of arcs of D, and let 
F(D) = n(D)- m(D). Then p(D) = v(D)- 1, where v(D) is the cyclomatic 
number [l] of D. Hence p(D) a 0, with equality if and only if D is an elementary 
circuit. For any vertex x E X, the outdegree d’(x) and the indegree d-(x) are at 
least one. The vertex x is said to be an antinode if d’(x) = d-(x) = 1; otherwise x 
is called a node. A brunch of D is a path whose only nodes (in D) are its 
endpoints. A branch is superjIuous if the removal of its arcs and internal vertices 
from D yields a strong digraph. If T is a supetiuous branch of D, denote by 
D- T the digraph obtained from D by removing the arcs and antinodes of T. 
Note that v(D-m)=p(D)-1. 
The purpose of this paper is to investigate supe~uous branches in strong 
digraphs. In particular, we generalize the following theorem which appears in 
r1, P. 321. 
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Theorem 1. If D is a minimally strong digraph which is not an elementary circuit, 
then D contains a supe$uous branch. 
Related theorems of Geller can be found in [4], and similar results on 
minimally 2-connected graphs were obtained by Dirac [3] and Plummer [S]. 
2. Results 
For an arc u E U, define the contraction‘ of u to be the (multi-) digraph obtained 
from D = (X, U) by deleting the arc u and coalescing its endpoints to a single 
vertex. For a connected partial subgraph H of D, let DH = (XH, UH) be the 
digraph obtained from D by the contraction of each arc of H, and let X, be the 
coalition of all the vertices in H. Note that if there exist vertices X, y of H such 
that (x, y) E u but (x, y) is not an arc of H, then (xH, xH) E U,. We remark that if 
D is strong, then DH is also strong. 
Lemma 2. Let H be a strong nontrivial partial subgraph of a strong digraph D. If 
DH is not an elementary circuit, then the set of super@ous branches of D is equal to 
the disjoint union of 
(i) the set of superfluous branches of DH which do not contain x, as an internal 
vertex (where if xH is an endpoint, it is replaced by the corresponding wrtex in D), 
and 
(ii) the set of superfluous branches of D which are contained in H. 
Proof. If XH is not a vertex of a superfluous branch ?T of DH, then rr is a 
supetiuous branch of D. If xH is an internal vertex of a superfiuous branch 7~ of 
DH, it follows from the fact that H is nontrivial and strong that 7~ gives rise to no 
superfluous branch of D. Any other superfluous branch TH of DH corresponds to 
a path 7~ in D with endpoint(s) xH of nH replaced in 17 by the corresponding 
vertex (vertices) in D. Since H is nontrivial and strong, any such endpoint is a node 
in D and TT is a superfluous branch of D. Conversely, any superfiuous branch v of 
D with no internal vertex from H corresponds to a superfluous branch of DH. 
Finally, since H is strong, any other superfluous branch of D is contained 
entirely within H. Cl 
Denote by 9 (D) the number of superfiuous branches in the strong digraph D. 
The following is imtiediate from Lemma 2. 
Lemma 3. Let H be an elementary circuit which is a proper partial subgraph of a 
strong digraph D. Then 9 (D) > Se(D,), with equality if and only if one of the 
following conditions holds : 
(i) XH is an antinode of DH that lies on a supe$uous branch of DH, or 
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(ii) XH is not an antinode of DH and no branch of D contained in H is superfZuous 
in D. 
The following recursive definition is motivated by Lemma 3. We say a strong 
digraph D is special if it has a proper partial subgraph If which is an elementary 
circuit and either 
(i) DH is an elementary circuit, or 
(ii) DH is special and has a superfluous branch which contains xH as an 
antinode. 
This notion is well-defined since p (DH) = p(D) - 1. 
Theorem 4. If D is a strong digraph which is not an elementary circuit, then 
9?(D) 2 2. Equality holds if and only if D is special. 
Proof. We prove this theorem by induction on p(D). Since D is not an elemen- 
tary circuit, F(D) 2 1. If CL(D) = 1, then it is easy to see that Se(D) = 2. Moreover, 
in this case there exists a proper partial subgraph H of D which is an elementary 
circuit such that Dn is also an elementary circuit, and hence D is special. 
Suppose now p(D) 3 2, so for any partial subgraph H which is an elementary 
circuit, DH is not an elementary circuit. Let H be an elementary circuit of D 
which contains a superiluous branch of D. By Lemma 3 and the inductive 
hypothesis, Se(D) 2 S(D,) 22. Furthermore, it follows from Lemma 3 and the 
choice of H that 48 (D) = 4e(D& if and only if XH is an antinode of DH that lies on 
a superlluous branch of DM By induction, Se(&) = 2 if and only if DH is special, 
and it now follows that S(D) = 2 if and only if D is special. ??
Let DP be the minimally strong digraph of Fig. 1. Then CL (D,) = p and 
48 (0,) = 2, so (minimally strong) special digraphs exist for all p 2 1. 
Fig. 1. The digraph 0,. 
We may also look at when the removal of a superfluous branch from a strong 
digraph D leaves a digraph with fewer superfluous branches 
following theorem, which is applied in 
use this theorem to prove Theorem 4. 
[63, answers this question. 
than D. The 
One may also 
‘Ikorem 5. Let D be a strong digraph which is not an elementary circuit, and let 
7r=(x(-J,x1,..., xk) be a superjluous branch of D. Then either 
(i) every superfIuous branch of D-T contains a subpath which is a super&ous 
branch of D, or 
(ii) there exists a superfiuous branch p = (yO, y,, . . . , yr) of D - T such that no 
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subpath of p is a supe@uous branch of D but every other superfluous branch of 
D - T is a superfluous branch of D. 
In the latter case xO=yi and xk=yj where l~j~i~I--1. 
Proof. If p is a branch of D which is superfluous in D - T then p is superfluous in 
D. Hence we need only consider a superfluous branch p = (yO, yl, . . . , yl) of D - 7r 
which is not a branch of D. 
Suppose first that x0 is an internal vertex of p and & is not; say x0 = Yi with 
1 G i S I - 1. Then (Yi, Yi+l, . . . , yl) is a subpath of p which is a superfluous branch 
Of D. Similarly, if xk = Yj for 1 pi 6 Z - 1 and x0 is not an internal vertex of p, then 
(Yo, Yl, - f - 9 Yj) is a SU~~~~~UOUS branch of D. If x0 = Yi and & = Yj with 1 d i <j S 
l- 1, then (Yi, Yi+l, - . - , yj) is a SU~~UOUS branch of D. Only when x0 = Yi and 
&=yj with lsj < i s I - 1 is no subpath of p a superlluous branch of D, and the 
theorem follows. 0 
This result allows us to give an alternative characterization of special digraphs. 
Corollary 6. Let D be a strong digraph which is not an elementary circuit. Then D 
is special if and only if there exists a sequence D = DW, DW-l, . . . , Do of p(D) + 1 
strong digraphs such that Di-1 is formed from Di (i = 1,2,. . . , p) by removing a 
supefiuous branch ni = (xi, xi,. . . , &J such that for i = 2,. . . , p, we have 
x; = x;,p and XL = xi:’ where l~~~ri~k,_l-l. 
Let Do, D1,. . . , DF = D be as in Corollary 6. We note that k(Di) = i and in 
particular that Do is an elementary circuit. It also follows that the superfluous 
branches of D are precisely mfi and p, where p is the path in Do from x: to xi,. 
Finally, we remark that D is minimally strong if and only if p and 7~;, each have 
an internal vertex. 
Let D be a strong digraph which is not an elementary circuit. Thus far we have 
improved on Theorem 1 by showing that there exist at least two superfluous 
branches in D, and we have characterized the case of equality. Now we show that 
in fact superfluous branches can be found which satisfy a stronger property. 
Theorem 7. Let D be a strong digraph which is not an elementary circuit, and let ?T 
be any supetfzuous branch of D. Then there exists a superfluous branch p of D such 
that T and p do not lie on a common elementary circuit of D. 
Proof. Let H be the partial subgraph of D consisting of all vertices and arcs 
which lie on a common elementary circuit with m. Clearly H is strong and 
nontrivial. Since D - T is strong, there exists an arc u which is not an arc of v but 
which has the same initial endpoint as m. This arc u is clearly not an arc of El. 
Hence H is also a proper partial subgraph. By Theorem 4, either DH is an 
elementary circuit or DH has two superfluous branches, hence a superfluous 
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branch which does not contain x, as an internal vertex. The theorem now follows 
from Lemma 2. Cl 
We now turn to an upper bound on the number of superfluous branches that a 
strong digraph may contain. 
Lemma 8. Let D = (X, U) be a strong digraph. Then 48 (D) s 2p (D), with equality 
if and only if each branch r = (x,, x1, . . . , xk) of D satisfies 
(i) 1 s d’(x,) = d-(xk) S2, and 
(ii) 7~ is superfluous if and only if d’(x,) = 2. 
Proof. We shall count superfluous branches by their initial vertices. Let Se,(D) 
denote the number of superlIuous branches with initial endpoint x. If d’(x) = 1, 
then Se,(D) =O; in any case se,(D)~d’(x). Hence 
ax(D) e 2d+(x) - max(2, d’(x)}. 
Summing over all .xEX, we have 911(D)<2m(D)-C,,xmax{2,d+(x))~ 
2m(D)-2n(D)G2p(D). 
Equality holds if and only if 
(i’) 1 s d’(x) G 2 for every x E X, and 
(ii’) a branch TT =(x0, x1,. . . , xk) of D is super!%~ous if and only if d’(x,) = 2. 
By counting the terminal endpoints of superfIuous branches rather than the 
initial endpoints, we see that equality holds if and only if 
(3’) 1 s d-(x)<2 for every x E X, and ’ 
(ii”) a branch rr = (x0, x1, . . . , xk) Of D iS SUlXXfhlOUS if and Only if d-(Xk) = 2. 
Combining (i”) and (ii”) with (i’) and (ii’) yields (i) and (ii) in the statement of the 
theorem. Cl 
The strong digraph DW of Fig. 2 has g(Dp) = p and Se(D@) = 2~. 
Fig. 2. The digraph D*“. 
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Let D = (X, U) be a strong digraph for which a(D) = 2p(D) 3 4. If there exists 
a node x0 with &(x0) = 1, then it follows from Lemma 8 that there exists a branch 
( x0, Xl, * * -, xk) with d-(q) = 1 and &f x1. This branch is not superfluous, so 
contracting it to a single vertex leaves a strong digraph E with p(E) = p(D) and 
48 (E) = Se(D); hence a(E) = 2p(E). If a branch of D is replaced by an arc from 
its initial node to its terminal node (so the internal antinodes are eliminated), the 
resulting digraph F also has 4B(F) = B(D) = 2p(D) = 2p(F). 
Let x be a vertex of a strong digraph. We split x by replacing x with two 
vertices q and q, where x, is the new terminal vertex of all arcs which had 
terminal vertex x, 4 is the new initial vertex of all arcs which had initial vertex x, 
and the arc (4, q) is added. Splitting vertices of a strong digraph yields a strong 
digraph. In fact, we can now conclude the following from the remarks of the 
previous paragraph. If D is a strong digraph with Se(D) = 2p(D) 2 2, then D can 
be obtained from a strong digraph D = (X, a satisfying sS(D) = 2&D) and 
d’(x) = d-(x) = 2 for every x E X by splitting nodes of degree four and subdivid- 
ing arcs. 
Theorem 9. Let D be a strong digraph which is not an elementary circuit. Then 
a(D) = 2p(D) if and only if D can be obtained from a 3-edge-connected 4-regular 
Eulerian digraph by splitting vertices and subdividing arcs. 
Proof. It suffices to show that a 3-edge-connected 4-regular Eulerian digraph 
D = (X, u) satisfies 48 (D) = 2p(D) and d’(x) = d-(x) = 2 for every x E X, and 
conversely. Suppose- then that D= (X, U) is a 3-edge-connected 4-regular 
Eulerian digraph. Clearly d’(x) = d-(x) = 2, so by Lemma 8 we need only show 
that every arc of D is superfluous. Let (a, b) E U, and suppose (a, b) is not 
superfluous. Let A be the set of vertices of D .which can be reached from a by a 
path which does not use arc (a, b). Then a E A, b E B, and since D is 3-edge- 
connected, there exist two other arcs between A and B besides (a, b). By 
assumption these both go from B to A, and since D is Eulerian there must exist 
another arc from A to B besides (a, b). This contradicts the definition of A, so 
every arc of D is superfluous. 
Now suppose D = (X, U) satisfies B(D) = 2w(D) 22 and d+(x) = d-(x) = 2 for 
every x E X. Since D is connected, D is Eulerian. Let A s X with A # 8. Since 
every arc of D is super8uous, there must be at least two arcs in each direction 
between A and X-A ; thus D is 4-edge-connected, hence 3-edge-connected. 0 
We conclude this paper by showing that every integer between 2 and 2~ 
inclusive can be obtained by S(D) for some (minimally) strong digraph D with 
p(D) = p. Note that a strong digraph D is minimally strong if and only if every 
super8uous branch. of D contains an internal vertex, so a minimally strong 
digraph may be obtained from a strong digraph by subdividing superfluous arcs, 
and this will not change the parameters p or 3. 
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Themem 10. Let p and t be integers such that p 2 1 and 2 6 t s 24~. Then there 
exists a strong digraph D with p(D) = p and Se(D) = t. 
Proof. We already know that there exist strong digraphs DW and DC” with 
~(D~)=~(DP)=~ and S(D,)=2, 9(D@)=2~. Let t satisfy 3<t<2p--l. By 
induction there exists a strong digraph D’ = (X’, U’) with p(D’) = p - 1 and 
48(D’)=t-1. Let x be a node in X’, 2$X’. Then D=(X’U{z}, U’U{(x,z), 
(z, x)}) has p(D)= p and Se(D)= t. Cl 
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